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A STUDY OF COFINITENESS THROUGH MINIMAL ASSOCIATED
PRIMES
KAMAL BAHMANPOUR
Abstract. In this paper we shall investigate the concepts of cofiniteness of local co-
homology modules and Abelian categories of cofinite modules over arbitrary Noetherian
rings. Then we shall improve some of the results given in [3, 5, 9, 10, 11, 13, 17, 19, 20,
21, 22, 26, 28].
1. Introduction
Throughout this paper, let R denote a commutative Noetherian ring (with identity)
and I an ideal of R. For an R-module M , the i-th local cohomology module of M with
support in V (I) is defined as:
H iI(M) = lim−→
n≥1
ExtiR(R/I
n,M).
In fact, the local cohomology functors H iI(−) arise as the derived functors of the left exact
functor ΓI(−), where for an R-module M , ΓI(M) is the submodule of M consisting of all
elements annihilated by some power of I, i.e.,
⋃∞
n=1(0 :M I
n). Local cohomology was first
defined and studied by Grothendieck. We refer the reader to [8] or [16] for more details
about local cohomology.
For an R-module M , the notion cd(I,M), the cohomological dimension of M with
respect to I, is defined to be the greatest integer i such that H iI(M) 6= 0 if there exist
such i′s and −∞ otherwise. Hartshorne [18] has defined the notion q(I, R) as the greatest
integer i such that H iI(R) is not Artinian. Dibaei and Yassemi [12] extended this notion
to arbitrary R-modules, to the effect that for any R-module N they defined q(I, N) as
the greatest integer i such that H iI(N) is not Artinian if there exist such i
′s and −∞.
otherwise.
Hartshorne in [17] defined an R-module L to be I-cofinite, if SuppL ⊆ V (I) and
ExtiR(R/I, L) is a finitely generated module for all i. Then he posed the following ques-
tions:
(i) For which Noetherian rings R and ideals I are the modules H iI(M) I-cofinite for all
finitely generated R-modules M and all i ≥ 0?
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(ii) Whether the category C (R, I)cof of I-cofinite modules is an Abelian subcategory
of the category of all R-modules? That is, if f : M −→ N is an R-homomorphism of
I-cofinite modules, are ker f and cokerf I-cofinite?
With respect to the question (i), Hartshorne in [17] and later Chiriacescu in [9] showed
that if R is a complete regular local ring and I is a prime ideal such that dimR/I = 1,
then H iI(M) is I-cofinite for any finitely generated R-module M . This result was later
extended to more general local rings and one-dimensional ideals by Huneke and Koh in
[19] and by Delfino in [10] until finally Delfino and Marley in [11] and Yoshida in [30]
proved that the local cohomology modules H iI(M) are I-cofinite for all finitely generated
R-modules M , where the ideal I of a local ring R, satisfies dimR/I = 1. Finally, the
local condition on the ring has been removed in [5]. For some other related results, see
also [6, 24]. Furthermore, with respect to the question (i), Kawasaki in [20] proved that
if an ideal I of a Noetherian ring R is principal, up to radical, then the local cohomology
modules H iI(M) are I-cofinite, for all finitely generated R-modules M and all integers
i ≥ 0. Also, Melkersson in [27] extended this result for all ideals I of R with cd(I, R) ≤ 1.
Finally, the present author in [3] generalized this result for all ideals I with q(I, R) ≤ 1.
With respect to the question (ii), Hartshorne gave a counterexample to show that this
question has not an affirmative answer in general, (see [17, §3]). On the positive side,
Hartshorne proved that if I is a prime ideal of dimension one in a complete regular local
ring R, then the answer to his question is yes. On the other hand, in [11], Delfino and
Marley extended this result to arbitrary Noetherian complete local rings. Kawasaki in
[22] generalized the Delfino and Marley result for an arbitrary ideal I of dimension one
in a local ring R. Finally, Melkersson in [26] generalized the Kawasaki’s result for all
ideals of dimension one of any arbitrary Noetherian ring R. Furthermore, in [7] as a
generalization of Melkersson’s result it is shown that for any ideal I in a Noetherian
ring R, the category of all I-cofinite R-modules M with dimM ≤ 1 is an Abelian sub-
category of the category of all R-modules. For some other similar results, see also [4].
Moreover, with respect to the question (ii), Kawasaki in [21] proved that if an ideal I of
a Noetherian ring R is principal, up to radical, then the category C (R, I)cof is Abelian.
Pirmohammadi et al in [28] as a generalization of Kawasaki’s result proved that if I is an
ideal of a Noetherian local ring R with cd(I, R) ≤ 1, then C (R, I)cof is Abelian. Also,
more recently, Divaani-Aazar et al. in [13] have removed the local condition on the ring.
Also, the present author in [3] proved that if I is an ideal of a Noetherian complete local
ring R with q(I, R) ≤ 1, then C (R, I)cof is Abelian.
Now, for any ideal I of R and any finitely generated R-module M we define
A(I,M) := {p ∈ mAssRM : I + p = R or p ⊇ I},
B(I,M) := {p ∈ mAssRM : cd(I, R/ p) = 1},
C(I,M) := {p ∈ mAssRM : q(I, R/ p) = 1} and
D(I,M) := {p ∈ mAssRM : 0 ≤ dimR/(I + p) ≤ 1}.
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Also, we denote by I (R) the class of all ideals I of R with the property that, for every
finitely generated R-module M , the local cohomology modules H iI(M) are I-cofinite for
all i ≥ 0.
In Section 2 of this paper as a generalization of the some results given in [11, 13, 17,
20, 21, 22, 26, 28] we shall prove the following result:
Theorem 1. Let I be an ideal of R such that
mAssRR = A(I, R) ∪B(I, R) ∪D(I, R).
Then the category C (R, I)cof is Abelian.
In Section 3 we present a generalization of the some results given in [3, 5, 9, 10, 11, 17,
19, 30] as follows:
Theorem 2. Let I be an ideal of R such that
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R).
Then I ∈ I (R).
In Section 4, we shall present a formula for the cohomological dimension of finitely
generated modules with respect to ideals of a Noetherian complete local ring R belong
to I (R) in terms of the height of ideals. More precisely, we shall prove the following result:
Theorem 3. Let (R,m) be a Noetherian complete local ring, I ∈ I (R) and M be a
non-zero finitely generated R-module. Then,
cd(I,M) = max{height(I + p)/ p : p ∈ mAssRM}.
Throughout this paper, for any ideal I of R, we denote by C (R, I)cof the category of
all I-cofinite R-modules. Also, for each R-module L, we denote by AsshR L (respectively
by mAssR L), the set {p ∈ AssR L : dimR/ p = dimL} (respectively the set of minimal
elements of AssR L with respect to inclusion). For any ideal a of R, we denote {p ∈
SpecR : p ⊇ a} by V (a). For any ideal b of R, the radical of b, denoted by Rad(b), is
defined to be the set {x ∈ R : xn ∈ b for some n ∈ N}. Finally, we denote by Max(R)
the set of all maximal ideals of R. Furthermore, in this paper we interpret the Krull
dimension of the zero module as −∞. For any unexplained notation and terminology we
refer the reader to [8] and [25].
2. Abelianness of the category of cofinite modules
In this section we extend some results given in [11, 13, 17, 20, 21, 22, 26, 28]. The main
purpose of this section is to prove Theorem 2.5. The following lemma and proposition
are needed for the proof of Corollary 2.3. We recall that for any proper ideal I of R, the
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arithmetic rank of I, denoted by ara(I), is the least number of elements of I required to
generate an ideal which has the same radical as I.
Lemma 2.1. Let I be an ideal of R and M be an I-cofinite R-module. Then for each
finitely generated R-module N with SuppN/IN ⊆ Max(R) the R-modules ExtiR(N,M)
and TorRi (N,M) are Artinian and I-cofinite, for all i ≥ 0.
Proof. By the similarity of the proof we prove the assertion just for the R-modules
ExtiR(N,M), i ≥ 0. If IN = N then for each i ≥ 0
∅ = SuppN/IN = SuppN ∩ V (I) ⊇ SuppN ∩ SuppM ⊇ SuppExtiR(N,M).
Hence, in this case we have ExtiR(N,M) = 0 for all integers i ≥ 0 and so the assertion
is clear. So, without loss of generality we may assume that N/IN 6= 0. Then we have
I +AnnRN 6= R. Now in order to prove the assertion we use induction on
t = ara(I +AnnRN/AnnRN).
If t = 0 then it follows from the definition that Supp(N) ⊆ V (I) and so it follows from [11,
Corollary 1] or [27, Corollary 2.5] that, for each integer i ≥ 0, the R-module ExtiR(N,M)
is finitely generated with support in the set SuppN ∩ SuppM . But it is clear that
SuppN ∩ SuppM ⊆ SuppN ∩ V (I) = SuppN/IN ⊆ Max(R)
which means that for each integer i ≥ 0, the R-module ExtiR(N,M) is of finite length.
So assume that t > 0 and the result has been proved for 0, 1, ..., t − 1. Since AnnRN ⊆
AnnRN/ΓI(N), it follows that
ara(I +AnnRN/ΓI(N)/AnnRN/ΓI(N)) ≤ ara(I +AnnRN/AnnRN).
On the other hand, the exact sequence
0 −→ ΓI(N) −→ N −→ N/ΓI(N) −→ 0,
induces the following exact sequence
0 −→ HomR(N/ΓI(N),M) −→ HomR(N,M) −→ HomR(ΓI(N),M)
−→ Ext1R(N/ΓI(N),M) −→ Ext
1
R(N,M) −→ Ext
1
R(ΓI(N),M) −→ · · · . (2.1.1)
But, using the facts that
Supp ΓI(N)/IΓI(N) = Supp ΓI(N) ∩ V (I) ⊆ SuppN ∩ V (I) = SuppN/IN ⊆ Max(R)
and ara(I + AnnRΓI(N)/AnnRΓI(N)) = 0, the inductive hypothesis yields that the R-
modules ExtiR(ΓI(N),M) are of finite length and I-cofinite, for all integers i ≥ 0. So,
using the exact sequence (2.1.1), [7] and by replacing N by N/ΓI(N), without loss of
generality, we may assume that N is a finitely generated I-torsion-free R-module with
∅ 6= SuppN/IN ⊆ Max(R) and ara(I +AnnRN/AnnRN) = t.
Then, by the definition there exist elements y1, ..., yt ∈ I, such that
Rad(I +AnnRN/AnnRN) = Rad((y1, ..., yt) + AnnRN/AnnRN).
Furthermore, by [8, Lemma 2.1.1], I *
⋃
p∈AssRN
p.
Therefore,
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(y1, ..., yt) + AnnRN 6⊆
⋃
p∈AssRN
p.
But, as
AnnRN ⊆
⋂
p∈AssRN
p,
it follows that
(y1, ..., yt) 6⊆
⋃
p∈AssRN
p.
Therefore, by [25, Exercise 16.8] there is a ∈ (y2, . . . , yt) such that
y1 + a 6∈
⋃
p∈AssRN
p.
Let x := y1 + a. Then x ∈ I and
Rad(I +AnnRN/AnnRN) = Rad((x, y2, ..., yt) + AnnRN/AnnRN).
Now it is easy to see that
Rad(I +AnnRN/xN/AnnRN/xN) = Rad((y2, ..., yt) + AnnRN/xN/AnnRN/xN).
and hence ara(I +AnnRN/xN/AnnRN/xN) ≤ t− 1. Also, it is clear that
Supp(N/xN)/I(N/xN) = SuppN/xN∩V (I) ⊆ SuppN∩V (I) = SuppN/IN ⊆ Max(R).
Therefore, by the inductive hypothesis the R-module ExtiR(N/xN,M) is Artinian and
I-cofinite for each integer i ≥ 0. Now, the exact sequence
0 −→ N
x
−→ N −→ N/xN −→ 0
induces an exact sequence
ExtiR(N,M)
x
−→ ExtiR(N,M) −→ Ext
i+1
R (N/xN,M)
−→ Exti+1R (N,M)
x
−→ Exti+1R (N,M),
for all integers i ≥ 0. Consequently, for all integers i ≥ 0, we have the following short
exact sequence,
0 −→ ExtiR(N,M)/xExt
i
R(N,M) −→ Ext
i+1
R (N/xN,M) −→ (0 :Exti+1
R
(N,M) x) −→ 0.
But, the R-modules Exti+1R (N/xN,M), are I-cofinite and Artinian, for all i ≥ 0 and
hence it follows from [27, Corollary 4.4] that for all integers i ≥ 0, the R-modules
ExtiR(N,M)/xExt
i
R(N,M) and (0 :Exti+1
R
(N,M) x) are I-cofinite. Furthermore, it follows
from the exact sequence
0 −→ HomR(N/xN,M) −→ HomR(N,M)
x
−→ HomR(N,M),
and inductive hypothesis that the R-module (0 :HomR(N,M) x) is also I-cofinite. Now, since
the R-modules (0 :Exti
R
(N,M) x) and Ext
i
R(N,M)/xExt
i
R(N,M) are I-cofinite for all i ≥ 0,
it follows from [27, Corollary 3.4] that the R-modules ExtiR(N,M) are I-cofinite for all
integers i ≥ 0. Moreover, since for each integer i ≥ 0,
SuppExtiR(N,M) ⊆ SuppN ∩ SuppM ⊆ SuppN ∩ V (I) = SuppN/IN ⊆ Max(R),
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it follows that the R-module
(0 :Exti
R
(N,M) I) ≃ HomR(R/I,Ext
i
R(N,M))
is of finite length and so the result [27, Proposition 4.1] yields that the R-module
ExtiR(N,M) is Artinian and I-cofinite, for each integer i ≥ 0. This completes the induc-
tive step and the proof of the lemma. 
Proposition 2.2. Let I be an ideal of R and M be an I-cofinite R-module. Then for
each finitely generated R-module N with dimN/IN ≤ 1, the R-modules ExtiR(N,M) and
TorRi (N,M) are I-cofinite, for all i ≥ 0.
Proof. By the similarity of the proof we prove the assertion just for the R-modules
ExtiR(N,M), i ≥ 0. We use induction on t = ara(I + AnnRN/AnnRN). If t = 0,
then, it follows from the definition that Supp(N) ⊆ V (I) and so the assertion holds by
[27, Corollary 2.5]. So assume that t > 0 and the result has been proved for 0, 1, ..., t− 1.
Since AnnRN ⊆ AnnRN/ΓI(N), it follows that
ara(I +AnnRN/ΓI(N)/AnnRN/ΓI(N)) ≤ ara(I +AnnRN/AnnRN).
On the other hand, the exact sequence
0 −→ ΓI(N) −→ N −→ N/ΓI(N) −→ 0,
induces the following exact sequence
0 −→ HomR(N/ΓI(N),M) −→ HomR(N,M) −→ HomR(ΓI(N),M)
−→ Ext1R(N/ΓI(N),M) −→ Ext
1
R(N,M) −→ Ext
1
R(ΓI(N),M) −→ · · · .
So, using Lemma 2.1, [7] and [27, Corollary 2.5], by replacing N by N/ΓI(N), without
loss generality, we may assume that N is a finitely generated I-torsion-free R-module,
such that dimN/IN = 1 and ara(I + AnnRN/AnnRN) = t. Then, by [8, Lemma 2.1.1],
I *
⋃
p∈AssRN
p. Next, let k ≥ 0 and
Sk :=
⋃k
i=0 SuppExt
i
R(N,M),
and
T := {p ∈ Sk | dimR/p = 1}.
Now, it is easy to see that T ⊆ AsshRN/IN . Therefore T is a finite set. Moreover, for
each p ∈ T , using [25, Exerxise 7.7] it follows that Mp is a IRp-cofinite module and Np is
a finitely generated Rp-module with
SuppNp/INp = {pRp} = Max(Rp).
Therefore, using [25, Exerxise 7.7] and Lemma 2.1 it follows that the Rp-module
(ExtiR(N,M))p is Artinian and IRp-cofinite, for each i ≥ 0. Now, applying the method
used in the proof of [1, Theorem 2.7] with the same notation it follows that the R-modules
ExtiR(N,M) are I-cofinite for all 0 ≤ i ≤ k. Therefore, as k is arbitrary, it follows that,
the R-modules ExtiR(N,M) are of I-cofinite, for all i ≥ 0. This completes the inductive
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step and the proof of theorem. 
We need the following consequence of Proposition 2.2 in the proof of Theorem 2.5.
Corollary 2.3. Let I be an ideal of R and M be an I-cofinite R-module. Set J :=⋂
p∈D(I,R) p and K := ΓJ(R). Then, the R-modules Ext
i
R(K,M) are I-cofinite for all
i ≥ 0.
Proof. Since, AssRK = AssRR ∩ V (J) it follows that mAssRK = D(I, R) = D(I,K).
Therefore, for each p ∈ mAssRK by the definition we have 0 ≤ dimR/(I + p) ≤ 1. Thus,
we have 0 ≤ dimK/IK ≤ 1. So, the assertion follows from Proposition 2.2. 
The following lemma is needed in the proof of Theorem 2.5.
Lemma 2.4. Let I and J be two proper ideals of R and M be an R-module with JM = 0
and SuppM ⊆ V (I). Then M as an R-module is I-cofinite if and only if M as an
R/J-module is (I + J)/J-cofinite.
Proof. See [11, Proposition 2]. 
Now we are ready to state and prove the main result of this section.
Theorem 2.5. Let I be an ideal of R such that
mAssRR = A(I, R) ∪B(I, R) ∪D(I, R).
Then C (R, I)cof is Abelian.
Proof. Let M,N ∈ C (R, I)cof and let f : M −→ N be an R-homomorphism. It is enough
to prove that the R-modules ker f and coker f are I-cofinite.
We consider the following three cases:
Case 1. Assume that D(I, R) = ∅. Then T :=
⊕
p∈mAssR R
R/ p is a finitely generated
R-module with SuppT = SpecR = SuppR. So, it follows from [15, Theorem 2.2] that
cd(I, R) = cd(I, T ) = sup{cd(I, R/ p) : p ∈ A(I, R) ∪B(I, R)} ≤ 1.
Thus, the assertion follows from [13, Theorem 2.2].
Case 2. Assume that A(I, R) ∪B(I, R) = ∅. Then since by the hypothesis for each
p ∈ D(I, R) we have 0 ≤ dimR/(I + p) ≤ 1 it follows that for each p ∈ mAssRR we
have 0 ≤ dimR/(I + p) ≤ 1. Thus dim(R/I) ≤ 1 and hence the assertion follows from
[7, Theorem 2.7].
Case 3. Assume that A(I, R) ∪B(I, R) 6= ∅ and D(I, R) 6= ∅. Set
J :=
⋂
p∈D(I,R)
p and K := ΓJ(R).
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Then by Corollary 2.3 the R-modules HomR(K,M) and HomR(K,N) are I-cofinite. The
exact sequence
0 −→ K
ι
−→ R
pi
−→ R/K −→ 0,
induces the following commutative diagrams with exact rows
0 // HomR(R/K,M) //

HomR(R,M)

// HomR(K,M)

0 // HomR(R/K,N) // HomR(R,N) // HomR(K,N). (2.5.1)
and
HomR(R,M) //

HomR(K,M)

// Ext1R(R/K,M) //

0
HomR(R,N) // HomR(K,N) // Ext
1
R(R/K,N) // 0 (2.5.2)
Two diagrams (2.5.1) and (2.5.2) induce the exact sequences
0 −→ im HomR(ι,M) −→ HomR(K,M) −→ Ext
1
R(R/K,M) −→ 0, (2.5.3)
and
0 −→ HomR(R/K,M) −→ HomR(R,M) −→ im HomR(ι,M) −→ 0. (2.5.4)
Also, the diagram (2.5.1) induces a commutative diagram with exact rows
0 // HomR(R/K,M) //

HomR(R,M)

// im HomR(ι,M)
α

// 0
0 // HomR(R/K,N) // HomR(R,N) // im HomR(ι, N) // 0. (2.5.5)
Set T := Ext1R(R/K,M). The exact sequence (2.5.3) induces an exact sequence
TorR1 (R/(I +K),HomR(K,M)) −→ Tor
R
1 (R/(I +K), T )
−→ TorR0 (R/(I +K), im HomR(ι,M))→ Tor
R
0 (R/(I +K),HomR(K,M))
−→ TorR0 (R/(I +K), T ) −→ 0. (2.5.6)
By [27, Theorem 2.1 and Corollary 2.5] the modules
TorR0 (R/(I+K),M), Tor
R
1 (R/(I+K),HomR(K,M)) and Tor
R
0 (R/(I+K),HomR(K,M))
are finitely generated R-modules. Furthermore, the exact sequence
M −→ im HomR(ι,M) −→ 0
induces an exact sequence
TorR0 (R/(I +K),M) −→ Tor
R
0 (R/(I +K), im HomR(ι,M)) −→ 0,
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which implies the R-module TorR0 (R/(I +K), im HomR(ι,M)) is finitely generated. So,
from the exact sequence (2.5.6) we deduce that the R-modules
TorR0 (R/(I +K), T ) and Tor
R
1 (R/(I +K), T )
are finitely generated. By the same method it follows that the R-modules
TorR0 (R/I, T ) and Tor
R
1 (R/I, T )
are finitely generated.
Since the R-module T/IT ≃ TorR0 (R/I, T ) is finitely generated it follows that there
is a finitely generated submodule T1 of T such that T/IT = (T1 + IT )/IT and hence
T = T1+IT . Since, T1 is an I-torsion finitely generated R-module it follows that I
kT1 = 0
for some positive integer k. Therefore, IkT = IkT1+I
k+1T = Ik+1T . Set L := IkT . Then
IL = L and T/L is finitely generated; because the R-module T/IT is finitely generated.
The exact sequence
0 −→ L −→ T −→ T/L −→ 0 (2.5.7)
induces an exact sequence
TorR2 (R/(I +K), T/L) −→ Tor
R
1 (R/(I +K), L) −→ Tor
R
1 (R/(I +K), T )
and hence the R-module TorR1 (R/(I + K), L) is finitely generated. Also, applying the
same method it follows that the R-module TorR1 (R/I, L) is finitely generated. Since, the
R-module (I ∩ K)/IK has an R/I-module structure it follows that for some positive
integer n there is an exact sequence
n⊕
i=1
R/I −→ (I ∩K)/IK −→ 0,
which yields an exact sequence
n⊕
i=1
L/IL −→ (I ∩K)/IK ⊗R L −→ 0.
But, we have L/IL = 0 and so (I ∩K)/IK ⊗R L = 0. Furthermore, the exact sequence
0 −→ (I ∩K)/IK −→ I/IK −→ I/(I ∩K) −→ 0
yields the exact sequence
(I ∩K)/IK ⊗R L −→ I/IK ⊗R L −→ I/(I ∩K)⊗R L −→ 0,
whence we get the isomorphisms
(I +K)/K ⊗R L ≃ I/(I ∩K)⊗R L ≃ I/IK ⊗R L.
Using the fact that KL = 0 we have L ≃ L/KL ≃ R/K ⊗R L. Therefore,
I ⊗R L ≃ I ⊗R (R/K ⊗R L) ≃ (I ⊗R R/K)⊗R L ≃ I/KI ⊗R L.
Therefore,
I ⊗R L ≃ (I +K)/K ⊗R L.
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The exact sequence
0 −→ I −→ R −→ R/I −→ 0
induces the exact sequence
0 −→ TorR1 (R/I, L) −→ I ⊗R L −→ L −→ 0,
which using the fact that L = IL = (I +K)L induces an exact sequence
TorR1 (R/I, L)⊗R R/(I +K) −→ (I ⊗R L)⊗R R/(I +K) −→ 0,
whence we conclude that the R-module
((I +K)/K ⊗R L)⊗R R/(I +K) ≃ (I ⊗R L)⊗R R/(I +K)
is finitely generated. Moreover, the exact sequence
0 −→ (I +K)/K −→ R/K −→ R/(I +K) −→ 0
induces the exact sequence
0 −→ Tor
R/K
1 (R/(I +K), L) −→ (I +K)/K ⊗R/K L −→ L −→ 0.
The last exact sequence using the facts that L = IL = (I+K)L and (I+K)/K⊗R/K L ≃
(I +K)/K ⊗R L induces the exact sequence
TorR1 (R/(I+K), L) −→ Tor
R/K
1 (R/(I+K), L) −→ ((I+K)/K⊗RL)⊗RR/(I+K) −→ 0,
which implies that the R-module
Tor
R/K
1 (R/(I +K), L)
is finitely generated. Furthermore, the exact sequence (2.5.7) induces an exact sequence
Tor
R/K
2 (R/(I +K), T/L) −→ Tor
R/K
1 (R/(I +K), L) −→ Tor
R/K
1 (R/(I +K), T )
−→ Tor
R/K
1 (R/(I +K), T/L) −→ Tor
R/K
0 (R/(I +K), L) −→
Tor
R/K
0 (R/(I +K), T ) −→ Tor
R/K
0 (R/(I +K), T/L) −→ 0,
which implies that the S-modules TorS0 (S/IS, T ) and Tor
S
1 (S/IS, T ) are finitely gener-
ated, where S := R/K. But, since AssR R/K = AssR R\V (J) it follows that mAssS S ⊆
{pS : p ∈ A(I, R) ∪ B(I, R)}. Whence, we can deduce that cd(IS, S) ≤ 1. Now, it
follows from [14, Theorem 2.9] that the S-module T = Ext1R(R/K,M) is IS-cofinite.
Therefore, in view of Lemma 2.4, the R-module Ext1R(R/K,M) is I-cofinite. Now, it
follows from the exact sequence (2.5.3) that the R-module im HomR(ι,M) is I-cofinite.
Also, it follows from the exact sequence (2.5.4) that the R-module HomR(R/K,M) is
I-cofinite. In particular, the S-module HomR(R/K,M) is IS-cofinite, by Lemma 2.4.
By the same method we can prove that the R-modules HomR(R/K,N), Ext
1
R(R/K,N)
and im HomR(ι, N) are I-cofinite. In particular, the S-modules HomR(R/K,N) and
Ext1R(R/K,N) are IS-cofinite, by Lemma 2.4. Since, the S-modules HomR(R/K,M)
and HomR(R/K,N) are IS-cofinite and cd(IS, S) ≤ 1, it follows from [13, Theorem
2.2] that the S-module ker HomR(R/K, f) and coker HomR(R/K, f) are IS-cofinite. In
partiular, the R-modules ker HomR(R/K, f) and coker HomR(R/K, f) are I-cofinite, by
Lemma 2.4. Also, we have dim im HomR(ι,M) ≤ 1, dim im HomR(ι, N) ≤ 1 and these
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R-modules are I-cofinite; so the result [7, Theorem 2.7] implies that the R-modules kerα
and cokerα are I-cofinite.
Applying the Snake Lemma to the diagram (2.5.5) we get an exact sequence
0 −→ ker HomR(R/K, f) −→ ker f
µ
−→ kerα
λ
−→ coker HomR(R/K, f). (2.5.8)
The exact sequence
0 −→ imµ −→ kerα −→ imλ −→ 0,
induces the exact sequence
0 −→ HomR(R/I, imµ) −→ HomR(R/I, kerα) −→
HomR(R/I, imλ) −→ Ext
1
R(R/I, imµ) −→ Ext
1
R(R/I, kerα),
which implies that the R-modules HomR(R/I, imµ) and Ext
1
R(R/I, imµ) are finitely gen-
erated. Since,
dim imµ ≤ dimkerα ≤ dimHomR(K,M) ≤ 1
and the R-module imµ is I-torsion it follows from [7, Proposition 2.6] that the R-module
imµ is I-cofinite. Moreover, the exact sequence (2.5.8) yields an exact sequence
0 −→ ker HomR(R/K, f) −→ ker f −→ imµ −→ 0
which implies that the R-module ker f is I-cofinite. Now, the exact sequences
0 −→ ker f −→ M −→ im f −→ 0,
and
0 −→ im f −→ N −→ coker f −→ 0,
imply that the R-module coker f is I-cofinite too. 
Corollary 2.6. Let I be an ideal of R such that
mAssRR = A(I, R) ∪B(I, R) ∪D(I, R).
Let
X• : · · · −→ X i
f i
−→ X i+1
f i+1
−→ X i+2 −→ · · · ,
be a complex such that X i ∈ C (R, I)cof for all i ∈ Z. Then for each i ∈ Z the ith
cohomology module H i(X•) is in C (R, I)cof .
Proof. The assertion follows from Theorem 2.5. 
Corollary 2.7. Let I be an ideal of R such that
mAssRR = A(I, R) ∪B(I, R) ∪D(I, R)
and M be an I-cofinite R-module. Then, the R-modules TorRi (N,M) and Ext
i
R(N,M)
are I-cofinite, for all finitely generated R-modules N and all integers i ≥ 0.
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Proof. Since N is finitely generated it follows that, N has a free resolution with finitely
generated free R-modules. Now the assertion follows using Corollary 2.6 and computing
the R-modules TorRi (N,M) and Ext
i
R(N,M), using this free resolution. 
3. Cofiniteness of local cohomology modules
In this section we give a sufficient condition for a given ideal I of a Noetherian ring R
being in I (R). The main goal of this section is Theorem 3.8, which is a generalization
of some results given in [3, 5, 9, 10, 11, 17, 19, 30].
Lemma 3.1. Let I be an ideal of R and M be a finitely generated R-module. Then
B(I,M) ⊆
(
C(I,M) ∪D(I,M)
)
. In particular,
mAssRM = A(I,M) ∪B(I,M) ∪ C(I,M) ∪D(I,M)
if and only if mAssRM = A(I,M) ∪ C(I,M) ∪D(I,M).
Proof. Let p ∈ B(I,M). Then p ∈ mAssRM and cd(I, R/ p) = 1. So, we have p 6∈ V (I)
and hence H0I (R/ p) = 0. Now, we consider the following two cases:
Case 1. Assume that H1I (R/ p) is Artinian. Then the R-modules H
i
I(R/ p) are Artinian
for all i ≥ 0 and hence q(I, R/ p) = −∞. Thus, in view of [3, Lemma 4.1] we have
dimR/(I + p) = 0. Therefore, p ∈ D(I,M).
Case 2. Assume that H1I (R/ p) is not Artinian. Then it is clear that q(I, R/ p) = 1 and
so p ∈ C(I,M). 
Lemma 3.2. Let I be an ideal of R. Then the following statements are equivalent:
(i) mAssRM = A(I,M)∪ C(I,M)∪D(I,M) for every finitely generated R-module M .
(ii) mAssRR = A(I, R) ∪ C(I, R) ∪D(I, R).
(iii) mAssRM = A(I,M) ∪ B(I,M) ∪ C(I,M) ∪ D(I,M) for every finitely generated
R-module M .
(iv) mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R).
Proof. (i)⇒(ii) It is trivial.
(ii)⇒(i) Let M be a finitely generated R-module. If M = 0 then the assertion is clear.
So, we assume that M 6= 0. It is enough to prove that
mAssRM ⊆
(
A(I,M) ∪ C(I,M) ∪D(I,M)
)
.
Let q ∈ mAssRM. Then there exists an element p ∈ mAssRR such that q ∈ V (p). From
the hypothesis it follows that
p ∈
(
A(I, R) ∪ C(I, R) ∪D(I, R)
)
.
We consider the following three cases:
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Case 1. Assume that p ∈ A(I, R). If I + p = R then R = I + p ⊆ I + q and hence
I+q = R. Therefore, q ∈ A(I,M). Also, if p ⊇ I then I ⊆ p ⊆ q and hence q ∈ A(I,M).
Case 2. Assume that p ∈ C(I, R). Then, as
SuppR/ q ⊆ SuppR/ p,
[12, Theorem 3.2] implies that q(I, R/ q) ≤ q(I, R/ p) = 1. If q(I, R/ q) = 1, then
q ∈ C(I,M). Also, if q(I, R/ q) = 0 then it is clear that q ∈ V (I) and hence q ∈ A(I,M).
Also, if q(I, R/ q) = −∞ then in view of [3, Lemma 4.1] we have q ∈ D(I,M)∪A(I,M).
Case 3. Assume that p ∈ D(I, R). Then, by the definition we have
dimR/(I + q) ≤ dimR/(I + p) ≤ 1,
which implies that q ∈ D(I,M) ∪ A(I,M).
(i)⇔(iii) and (ii)⇔(iv) Follow from Lemma 3.1. 
The following well known lemma is needed in the proof of Lemma 3.4.
Lemma 3.3. Let (R,m) be a Noetherian complete local ring and I be an ideal of R.
Assume that cd(I, R) = t ≥ 0 and suppose that the R-module H tI(R) is Artinian and
I-cofinite. Then
AttRH
t
I(R) = {q ∈ mAssRR : dimR/ q = t and Rad(I + q) = m}.
Proof. See [2, Lemma 2.3]. 
Lemma 3.4. Let (R,m) be a Noetherian complete local ring, I be an ideal of R and M
be a finitely generated R-module. Then C(I,M) ⊆
(
B(I,M) ∪D(I,M)
)
. In particular,
mAssRM = A(I,M) ∪B(I,M) ∪ C(I,M) ∪D(I,M)
if and only if mAssRM = A(I,M) ∪B(I,M) ∪D(I,M).
Proof. Let p ∈ C(I,M). Then p ∈ mAssRM and q(I, R/ p) = 1. So, we have
cd(I, R/ p) ≥ q(I, R/ p) = 1. Now, we consider the following two cases:
Case 1. Assume that cd(I, R/ p) = 1. Then p ∈ B(I,M).
Case 2. Assume that cd(I, R/ p) = t > 1. Then by [3, Theorem 4.9] the R-module
H tI(R/ p) ≃ H
t
(I+p)/ p(R/ p) is Artinian and (I + p)/ p-cofinite. So, Lemma 3.3 yields that
dimR/ p = t and Rad(I + p) = m and hence dimR/(I + p) = 0. Thus p ∈ D(I,M). 
The following corollary is a consequence of Lemmas 3.1, 3.2 and 3.4.
Corollary 3.5. Let (R,m) be a Noetherian complete local ring and I be an ideal of R.
Then the following statements are equivalent:
(i) mAssRR = A(I, R) ∪ C(I, R) ∪D(I, R).
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(ii) mAssRR = A(I, R) ∪B(I, R) ∪D(I, R).
(iii) mAssRM = A(I,M)∪B(I,M)∪D(I,M), for each finitely generated R-module M .
(iv) mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R).
(v) mAssRM = A(I,M) ∪ B(I,M) ∪ C(I,M) ∪ D(I,M), for each finitely generated
R-module M .
Proof. (i)⇔(iv) Follows from Lemma 3.1.
(ii)⇔(iv) and (iii)⇔(v) Follow from Lemma 3.4.
(iv)⇔(v) Follows from Lemma 3.2. 
Combining Corollary 3.5 and Theorem 2.5 we have the following result.
Corollary 3.6. Let (R,m) be a Noetherian complete local ring and I be an ideal of R
such that
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R).
Then C (R, I)cof is Abelian.

The following proposition plays a key role in the proof of the main result of this section.
Proposition 3.7. Let R be a Noetherian ring and I be an ideal of R. Let M be a finitely
generated R-module such that
mAssRM = A(I,M) ∪ C(I,M) ∪D(I,M).
Then the R-modules H iI(M) are I-cofinite for all i ≥ 0.
Proof. For each finitely generated R-module N , set
A1(I, N) := {p ∈ mAssRN : I + p = R} and A2(I, N) := {p ∈ mAssRN : p ⊇ I}.
In order to prove the assertion, without loss of generality, we may assume that A1(I,M) =
∅. Because, in the case where A1(I,M) 6= ∅, we can see that IΓJ1(M) = ΓJ1(M), where
J1 :=
⋂
p∈A1(I,M)
p. Hence, H iI(ΓJ1(M)) = 0 for each integer i ≥ 0. Consequently, the
exact sequence
0 −→ ΓJ1(M) −→ M −→M/ΓJ1(M) −→ 0,
induces the isomorphisms H iI(M) ≃ H
i
I(M/ΓJ1(M)) for all integers i ≥ 0. Since
AssRM/ΓJ1(M) = AssRM\V (J1)
and (C(I,M) ∪D(I,M)) ∩ A1(I,M) = ∅, it follows that
mAssRM/ΓJ1(M) =
(
A2(I,M) ∪ C(I,M) ∪D(I,M)
)
=
(
A2(I,M/ΓJ1(M)) ∪ C(I,M/ΓJ1(M)) ∪D(I,M/ΓJ1(M))
)
.
So, replacingM byM/ΓJ1(M), without loss of generality, we may assume A1(I,M) = ∅.
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Moreover, again without loss of generality, we may assume that A2(I,M) = ∅. Be-
cause, in the case where A2(I,M) 6= ∅, we can see that ΓJ2(M) ⊆ ΓI(M), where
J2 := ∩p∈A2(I,M) p. Therefore, H
i
I(ΓJ2(M)) = 0 for each integer i ≥ 1. Consequently,
the exact sequence
0 −→ ΓJ2(M) −→ M −→M/ΓJ2(M) −→ 0,
yields the isomorphisms H iI(M) ≃ H
i
I(M/ΓJ2(M)) for all integers i ≥ 1. Since,
AssRM/ΓJ2(M) = AssRM\V (J2)
it follows that
mAssRM/ΓJ2(M) =
(
C(I,M)∪D(I,M)
)
\V (J2) =
(
C(I,M/ΓJ2(M))∪D(I,M/ΓJ2(M))
)
.
Furthermore, it is clear that the finitely generated I-torsion module H0I (M) is I-cofinite.
So, replacingM byM/ΓJ2(M), without loss of generality, we may assume that A2(I,M) =
∅. Therefore, using the fact that
A(I,M) = A1(I,M) ∪ A2(I,M),
without loss of generality we may assume A(I,M) = ∅.
Next, let M be a finitely generated R-module with
mAssRM =
(
C(I,M) ∪D(I,M)
)
6= ∅.
Henceforth, we shall prove the assertion for all possible cases. To do this, we consider
the following three cases:
Case 1. Assume that C(I,M) 6= ∅ and D(I,M) = ∅. Then T :=
⊕
p∈mAssRM
R/ p is
a finitely generated R-module with Supp T = SuppM . So, it follows from [12, Theorem
3.2] that
q(I,M) = q(I, T ) = max{q(I, R/ p) : p ∈ C(I,M)} = 1.
Thus, the assertion follows from [3, Theorem 4.9].
Case 2. Assume that C(I,M) = ∅ and D(I,M) 6= ∅. Then for each q ∈ SuppM/IM
there exists p ∈ mAssRM = D(I,M) such that q ∈
(
V (p) ∩ V (I)
)
= V (I + p) and so
dimR/ q ≤ dimR/(I + p) ≤ 1.
Hence dimM/IM = sup{dimR/ q : q ∈ SuppM/IM} ≤ 1. So, the assertion follows
from [5, Corollary 2.7].
Case 3. Assume that C(I,M) 6= ∅ and D(I,M) 6= ∅. Set
J3 :=
⋂
p∈C(I,M)
p, K := ΓJ3(M) and L :=
⊕
p∈C(I,M)
R/ p .
Then, it follows from [12, Theorem 3.2] that
q(I, L) = max{q(I, R/ p) : p ∈ C(I,M)} = 1.
16 K. BAHMANPOUR
Moreover, since SuppK ⊆ V (J3) = SuppL, it follows from [12, Theorem 3.2] that
q(I,K) ≤ q(I, L) = 1.
Hence, in view of [3, Theorem 4.9] the R-module H iI(K) is Artinian and I-cofinite, for
each i ≥ 2. Furthermore, the exact sequence
0 −→ K −→ M −→M/K −→ 0,
induces an exact sequence
H iI(K) −→ H
i
I(M) −→ H
i
I(M/K) −→ H
i+1
I (K),
for each integer i ≥ 2. Therefore, applying [27, Corollary 4.4], it follows that the
R-modules H iI(M) are I-cofinite for all integers i ≥ 2, if and only if, the R-modules
H iI(M/K) are I-cofinite for all integers i ≥ 2.
On the other hand,
AssRM/K = AssRM/ΓJ3(M) = AssRM\V (J3)
and so that mAssRM/K = D(I,M)\V (J3) = D(I,M/K). Thus, by the proof of Case
2, the R-modules H iI(M/K) are I-cofinite for all integers i ≥ 2. Now, we are ready to
deduce that the R-modules H iI(M) are I-cofinite for all integers i ≥ 2. Also, since the
R-module H0I (M) is finitely generated with support in V (I) it follows that H
0
I (M) is
I-cofinite. Therefore, for each i 6= 1 the R-module H iI(M) is I-cofinite. Hence, by [27,
Proposition 3.11] the R-module H1I (M) is I-cofinite too. 
Now, we are ready to deduce the main result of this section.
Theorem 3.8. Let I be an ideal of R such that
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R).
Then I ∈ I (R).
Proof. The assertion follows from Lemma 3.2 and Proposition 3.7. 
4. Cofiniteness and cohomological dimension
In this section we give a formula for the cohomological dimensions of finitely generated
modules over a Noetherian complete local ring R with respect to ideals in I (R). The
main goal of this section is Theorem 4.5. The following lemmas will be quite useful in
this section.
Lemma 4.1. Let (R,m) be a Noetherian local ring and I be an ideal of R. Let M be a
non-zero I-cofinite R-module of dimension n. Then cd(m,M) = n.
Proof. Follows from [23, Theorem 2.9] and the Grothendieck’s Vanishing Theorem. 
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Lemma 4.2. Let (R,m) be a Noetherian local ring and I be an ideal of R. Assume that
M is a non-zero I-cofinite R-module of dimension n ≥ 1 and x ∈ m is an element with
the property that AssRM ∩ V (Rx) ⊆ {m}. Then the R-module H
0
Rx(M) ≃ H
0
I+Rx(M) is
Artinian and I-cofinite and dimH1Rx(M) = n−1. Moreover, the R-modules H
0
Rx(M) and
H1Rx(M) ≃ H
1
I+Rx(M) are (I +Rx)-cofinite. In particular, H
1
Rx(M) 6= 0.
Proof. Since by the hypothesisM is I-cofinite, from the definition it follows thatM is an I-
torsionR-module. Thus, by [8, Exercise 2.1.9] we have thatH iRx(M) ≃ H
i
I+Rx(M) for each
i ≥ 0. From the hypothesis AssRM ∩V (Rx) ⊆ {m}, it follows that SuppH
0
Rx(M) ⊆ {m}.
Now as (0 :H0
Rx
(M) I) ⊆ (0 :M I) and by the hypothesis the R-module
(0 :M I) ≃ HomR(R/I,M)
is finitely generated, it follows that the R-module (0 :H0
Rx
(M) I) is of finite length. There-
fore, the result [27, Proposition 4.1] implies that the R-module ΓRx(M) ≃ H
0
Rx(M) is
Artinian and I-cofinite. In particular, dimM/ΓRx(M) = dimM = n ≥ 1. Also, another
usage of [27, Proposition 4.1] yields that the R-module ΓRx(M) ≃ H
0
Rx(M) is (I + Rx)-
cofinite. Now the exact sequence
0 −→ ΓRx(M) −→ M −→M/ΓRx(M) −→ 0,
yields that the R-module M/ΓRx(M) is I-cofinite too. Therefore, considering the relation
I ⊆ (I+Rx), it follows from [11, Corollary 1] or [27, Corollary 2.5], that for all i ≥ 0, the
R-modules ExtiR(R/(I +Rx),M/ΓRx(M)) are finitely generated. By [8, Remark 2.2.17],
there is an exact sequence
0 −→M/ΓRx(M) −→ Mx −→ H
1
Rx(M) −→ 0. (4.2.1)
On the other hand, multiplication by x is an automorphism on Mx. Therefore, multi-
plication by x is an automorphism on ExtiR(R/(I + Rx),Mx), for all i ≥ 0. But, since
x ∈ (I + Rx) it follows that, multiplication by x on ExtiR(R/(I + Rx),Mx) is the zero
map, for all i ≥ 0. Thus, ExtiR(R/(I +Rx),Mx) = 0 for all i ≥ 0. Furthermore, for each
integer i ≥ 0, the exact sequence (4.2.1) induces an exact sequence
ExtiR(R/(I +Rx),Mx) −→ Ext
i
R(R/(I +Rx), H
1
Rx(M)) −→
Exti+1R (R/(I +Rx),M/ΓRx(M)) −→ Ext
i+1
R (R/(I +Rx),Mx),
which yields the isomorphisms
ExtiR(R/(I +Rx), H
1
Rx(M)) ≃ Ext
i+1
R (R/(I +Rx),M/ΓRx(M)),
for all i ≥ 0. This means that the (I + Rx)-torsion R-module H1Rx(M) ≃ H
1
I+Rx(M) is
(I +Rx)-cofinite.
Also, since for all i ≥ 0 the multiplication by x is an automorphism on H im(Mx) and the
R-module H im(Mx) is Rx-torsion, it follows that H
i
m(Mx) = 0 for all i ≥ 0. Moreover, for
each integer i ≥ 0, the exact sequence (4.2.1) induces an exact sequence
H im(Mx) −→ H
i
m(H
1
Rx(M)) −→ H
i+1
m (M/ΓRx(M)) −→ H
i+1
m (Mx),
which yields the isomorphisms
H im(H
1
Rx(M)) ≃ H
i+1
m (M/ΓRx(M)),
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for all i ≥ 0. Therefore, applying Lemma 4.1 it follows that
dimH1Rx(M) = cd(m, H
1
Rx(M))
= cd(m,M/ΓRx(M))− 1
= dimM/ΓRx(M)− 1
= dimM − 1
= n− 1.
Now, the proof is complete. 
The following proposition and its corollary play a key role in the proof of Theorem 4.5.
Proposition 4.3. Let (R,m) be a Noetherian complete local domain and I be a proper
ideal of R. Assume that the R-module H iI(R) is I-cofinite for each i ≥ 0. Then cd(I, R) =
height I.
Proof. In view of Grothendieck’s Vanishing Theorem we have cd(I, R) ≤ dimR and so
dimR − cd(I, R) ≥ 0. Now in order to prove the assertion we use induction on n :=
dimR−cd(I, R). If n = 0, then HdimRI (R) 6= 0, and hence by the Lichtenbaum-Hartshorne
Vanishing Theorem we have Rad(I) = m. Thus, height I = heightm = dimR = cd(I, R).
Suppose, inductively, that 0 < n ≤ dimR and the result has been proved for n− 1. Then
from the Lichtenbaum-Hartshorne Vanishing Theorem it follows that dimR/I > 0, and
hence
m 6⊆
⋃
P∈AsshR R/I
P.
Also, since for all i ≥ 0 the R-modules H iI(R) are I-cofinite, it follows that the set
T :=
⋃
i≥0
AssRH
i
I(R) =
dimR⋃
i=0
AssRH
i
I(R)
is finite. Therefore, there exists an element x ∈ m such that
x 6∈

 ⋃
Q∈(T\{m})
Q

⋃

 ⋃
P∈AsshR R/I
P

 .
Then, in view of the Lemma 4.2, the R-modules
H0Rx(H
i
I(R)) ≃ H
0
I+Rx(H
i
I(R)) and H
1
Rx(H
i
I(R)) ≃ H
1
I+Rx(H
i
I(R))
are (I + Rx)-cofinite for all i ≥ 0. Furthermore, by [29, Corollary 3.5] for each i ≥ 0,
there exists an exact sequence
0 −→ H1Rx(H
i−1
I (R)) −→ H
i
I+Rx(R) −→ H
0
Rx(H
i
I(R)) −→ 0. (4.3.1)
These exact sequences together with Lemma 4.2 imply that the R-modules H iI+Rx(R)
are (I + Rx)-cofinite for all i ≥ 0. Now, we claim that cd(I + Rx,R) = cd(I, R) + 1.
Considering the exact sequences (4.3.1) for all i ≥ 0 and Lemma 4.2 it is enough to
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prove dimH
cd(I,R)
I (R) ≥ 1. Assume the opposite. Then by [27, Proposition 4.1] the non-
zero R-module H
cd(I,R)
I (R) is Artinian and I-cofinite. Since, by the hypothesis R is a
domain, it follows from Lemma 3.3 that Rad(I) = m, which is a contradiction. Therefore,
cd(I +Rx,R) = cd(I, R) + 1 and so by the inductive hypothesis we have
height(I +Rx) = cd(I +Rx,R) = cd(I, R) + 1.
Since R is a catenary domain, it follows that
dimR/(I +Rx) = dimR− height(I +Rx) = dimR− cd(I +Rx,R).
But, we have
x 6∈
⋃
P∈AsshR R/I
P.
Therefore,
dimR− height I = dimR/I = dimR/(I +Rx) + 1 = dimR − cd(I, R),
which implies that
height I = cd(I, R).
This completes the inductive step. 
Note that if I ∈ I (R) then it follows from the Independence Theorem and Lemma
2.4 that (I + J)/J ∈ I (R/J), for every ideal J of R. Henceforth, we shall use this fact
several times.
Corollary 4.4. Let (R,m) be a Noetherian complete local ring and I ∈ I (R). Then
cd(I, R/ p) = height(I + p)/ p, for each p ∈ SpecR.
Proof. Let p ∈ SpecR. From the hypothesis I ∈ I (R) it follows that (I + p)/ p ∈
I (R/ p). So, the assertion follows from the Proposition 4.3 using the fact that cd(I, R/ p) =
cd((I + p)/ p, R/ p). 
Now, we are ready to state and prove the main result of this section.
Theorem 4.5. Let (R,m) be a Noetherian complete local ring and I ∈ I (R). Then,
cd(I,M) = max{height(I + p)/ p : p ∈ mAssRM},
for every non-zero finitely generated R-module M .
Proof. Set T :=
⊕
p∈mAssRM
R/ p. Then T is a finitely generated R-module with SuppT =
SuppM . So, it follows from [15, Theorem 2.2] and Corollary 4.4 that
cd(I,M) = cd(I, T )
= max{cd(I, R/ p) : p ∈ mAssRM}
= max{height(I + p)/ p : p ∈ mAssRM}.

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Recall that if R is a Noetherian ring of finite Krull dimension, then we say that R is
equidimensional if mAssRR = AsshRR.
Proposition 4.6. Let (R,m) be a Noetherian complete local ring and I ∈ I (R). Then
for each p ∈ SpecR, the quotient ring R/(p+I) is equidimensional.
Proof. Let p ∈ SpecR. Then, cd(I, R/ p) = height(I + p)/ p, by Corollary 4.4. Now, if
mAssRR/(I + p) 6= AsshRR/(I + p), then there is an element q ∈ mAssRR/(I + p) such
that q 6∈ AsshRR/(I+p). So dimR/ q < dimR/(I+p), and hence using the fact that R/ p
is a catenary domain it follows that height q / p > height(I + p)/ p. But, Grothendieck’s
Non-vanishing Theorem yields the inequality
height(I + p)/ p = cd(I, R/ p) ≥ height q / p,
which is a contradiction. 
Using an example given in [17], we can construct an example of Noetherian complete
local domain (R,m) of dimension 4, such that R has an ideal I with height I = 2 and
I 6∈ I (R). Maybe the same property holds in general for any ideal of height 2 in any
Noetherian complete local domain of dimension 4; because there is no evidence to reject
it. Now consider the following two questions:
Question A: Let (R,m) be a Noetherian complete local ring and I ∈ I (R). Whether
mAssRR = A(I, R) ∪B(I, R) ∪D(I, R)?
Question B: Let (R,m) be a Noetherian complete local domain of dimension 4 and I
be an ideal of R with height I = 2. Whether I 6∈ I (R)?
Proposition 4.7. Question A has an affirmative answer in general if and only if Question
B has so.
Proof. ′′ ⇒′′. Let (R,m) be a Noetherian complete local domain of dimension 4 and I be
an ideal ofR with height I = 2. Since, height I = 2 it follows from the Grothendieck’s Non-
vanishing Theorem that cd(I, R) ≥ 2. Therefore, {0} 6∈
(
A(I, R) ∪B(I, R)
)
. Also, using
the fact thatR is a catenary domain it follows that dimR/I = dimR−height I = 4−2 = 2,
which implies that {0} 6∈ D(I, R). So that
mAssRR = {0} 6⊆
(
A(I, R) ∪B(I, R) ∪D(I, R)
)
.
Now, it follows from the hypothesis that I 6∈ I (R).
′′ ⇐′′. Let (R,m) be a Noetherian complete local ring and I ∈ I (R). Then, by using
induction on d = dimR we prove that
mAssRR = A(I, R) ∪B(I, R) ∪D(I, R).
For d = 0, 1, 2, the assertion follows from Grothendieck’s Vanishing Theorem and
Lichtenbaum-Hartshorne Vanishing Theorem. Now assume that d = 3. In order to
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prove the assertion it is enough to prove
(
mAssRR\
(
A(I, R) ∪B(I, R)
))
⊆ D(I, R).
Let
p ∈
(
mAssRR\
(
A(I, R) ∪B(I, R)
))
.
Then it follows from Grothendieck’s Vanishing Theorem that 2 ≤ cd(I, R/ p) ≤ 3.
If cd(I, R/ p) = 3 then the Lichtenbaum-Hartshorne Vanishing Theorem yields that
dimR/(I + p) = 0 and so p ∈ D(I, R). Now assume that cd(I, R/ p) = 2. Then,
Corollary 4.4 yields that height(I + p)/ p = cd(I, R/ p) = 2 and hence
dimR/(I + p) = dimR/ p− height(I + p)/ p ≤ 1.
Thus, p ∈ D(I, R).
Now assume that d = 4. In order to prove the assertion it is enough to prove
(
mAssRR\
(
A(I, R) ∪B(I, R)
))
⊆ D(I, R).
Let
p ∈
(
mAssRR\
(
A(I, R) ∪B(I, R)
))
.
Since, (I + p)/ p ∈ I (R/ p), considering the previous lines of the proof, without loss of
generality we may assume that dimR/ p = 4. Then it follows from the Grothendieck’s
Vanishing Theorem that 2 ≤ cd(I, R/ p) ≤ 4. If cd(I, R/ p) = 4 then the Lichtenbaum-
Hartshorne Vanishing Theorem yields that dimR/(I + p) = 0 and so p ∈ D(I, R). Now
assume that cd(I, R/ p) < 4. Then, we claim that cd(I, R/ p) = 3. Assume the opposite.
Then, cd(I, R/ p) = 2 and so by Corollary 4.4, height(I + p)/ p = cd(I, R/ p) = 2.
But, (I + p)/ p ∈ I (R/ p) and dimR/ p = 4, which is a contradiction. So, we have
cd(I, R/ p) = 3 and hence Corollary 4.4 yields that height(I + p)/ p = cd(I, R/ p) = 3.
Therefore,
dimR/(I + p) = dimR/ p− height(I + p)/ p = 1.
Thus, p ∈ D(I, R).
Now suppose, inductively, that d > 4 and the result has been proved for all smaller
values of d. Then it is enough to prove
(
mAssRR\
(
A(I, R) ∪B(I, R)
))
⊆ D(I, R).
Let
p ∈
(
mAssRR\
(
A(I, R) ∪B(I, R)
))
.
We claim that p ∈ D(I, R). Assume the opposite. Then, as (I+p)/ p ∈ I (R/ p) it follows
from the inductive hypothesis that dimR/ p = d. Set t := cd(I, R/ p). Then, it follows
from Corollary 4.4 that height(I + p)/ p = cd(I, R/ p) = t > 1. In particular, from the
fact that R/ p is a catenary domain of dimension d we have that d−t = dimR/(I+p) > 1.
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Pick q1 ∈ SpecR with
p ⊂ q1 ⊂
⋃
Q∈AsshR R/(I+p)
Q and height q1 / p = 1.
Since, height(I + q1)/ p = height(I + p)/ p = t and R/ p is a catenary domain it follows
from the hypothesis that height(I + q1)/ q1 = t − 1. Then, in view of Collorary 4.4 we
have
cd(I, R/ q1) = height(I + q1)/ q1 = t− 1 > 0.
Since, dimR/(I + q1) = dimR/(I + p) and by the hypothesis p 6∈ D(I, R) it follows that
dimR/(I + q1) = dimR/(I + p) > 1.
Since by the hypothesis I ∈ I (R) it follows that (I + q1)/ q1 ∈ I (R/ q1). Now, applying
the inductive hypothesis for the Noetherian complete local domain R/ q1 of dimension
d− 1, it follows that,
t− 1 = cd(I, R/ q1) = cd((I + q1)/ q1, R/ q1) = 1,
and so height(I + p)/ p = t = 2.
Next, let P ∈ V (I+p) be a prime ideal with heightP/(I+p) = 1. As R/ p is a catenary
domain, using Proposition 4.6, it follows that
dimR/P = dimR/ p− heightP/ p
= dimR/ p−(height(I + p)/ p+heightP/(I + p))
= d− 3.
Pick an element x ∈ P with x 6∈
⋃
Q∈AsshR R/(I+p)
Q . Then P contains a prime ideal
q2 ∈ mAssRR/(p+Rx) with height q2 / p = 1. Since, x 6∈
⋃
Q∈AsshR R/(I+p)
Q and x ∈ m it
follows that
dimR/(I + p+Rx) = dimR/(I + p)− 1 = d− 3 = dimR/P.
Also, it is clear that
I + p+Rx ⊆ I + q2 ⊆ P
and hence
d− 3 = dimR/P ≤ dimR/(I + q2) ≤ dimR/(I + p+Rx) = d− 3,
which implies that
dimR/P = dimR/(I + q2) = d− 3.
Thus, using the fact that R/ p is a catenary domain we get
height(I + q2)/ p = dimR/ p− dimR/(I + q2) = 3.
As R/ p is a catenary domain, using Proposition 4.6, it follows that
height(I + q2)/ q2 = height(I + q2)/ p− height q2 / p = 3− 1 = 2.
Then, Corollary 4.4 yields that
cd(I, R/ q2) = height(I + q2)/ q2 = 2.
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On the other hand, since by the hypothesis I ∈ I (R) it follows that (I + q2)/ q2 ∈
I (R/ q2). Considering the hypothesis
cd((I + q2)/ q2, R/ q2) = cd(I, R/ q2) = 2 > 1
and applying the inductive hypothesis for the Noetherian complete local domain R/ q2 of
dimension d− 1 it follows that
d− 3 = (d− 1)− 2 = dimR/ q2− height(I + q2)/ q2 = dimR/(I + q2) ≤ 1.
Whence, we have d ≤ 4. Now, we have achieved the desired contradiction. This completes
the inductive step. 
We close this section by the following three questions.
Question C: Whether mAssRR = A(I, R) ∪ B(I, R) ∪ C(I, R) ∪ D(I, R), for each
I ∈ I (R)?
Question D: Let I be an ideal of R with
mAssRR = A(I, R) ∪B(I, R) ∪ C(I, R) ∪D(I, R).
Whether the category C (R, I)cof is Abelian?
Question E: Let I be an ideal of R. Whether the category C (R, I)cof is Abelian if and
only if I ∈ I (R)?
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